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ABSTRACT

We summarize some of the nuclear structure iS13UbS ~il

theoreticaltreatmentsof Bf3deuay,emphasizingseveralof the less
well-testedapproximationscommonlymade.

INTRODUCTION

The recentattemptsto extraotquantiit.utivellmtts on lepton
numberviolationfrom doub.ebeta decayexperimentshave underscored
tho need for reliabletreatmentsof the nuolear struoture of this,
prooeas. In this talkwe disoussour presentunderstandingof the
nuclearphysics, the approximationsthat are commonly made by
struoture theorists? and the prospects for improving exhting
calculations.Becauseof the exoellenttalk by ProfessorKotanl,we
will not discuss the partiolephysicsaspeotsof this prooessr.or
its importanaoas a constrainton gaugetheories. We will also not
present numericallimitson leptonnumberviolation: theseresults

“ are oontainedin recentreviews.“2’3

DECAY RATES

In derivingthe decay rate for the 2V B13decay’prooessshownin
Fig. la, two approximationsare oommonlymade:

i) Each nuolear B decay is evaluated in the allowed
approximationwhere only the Fermi and Oamow-Telleroperator’s(T+(i)

ando(i)~+(i))are retained;
ii) The sum over virtual intermediate uulear states 10

performed by olosureafterreplaoingthe nucle. .:xcltatl.onenergy
appearingin the e]‘rgydenominatorby an averagevalue.

The firstapproximationresti’ics the statespopulated! ~in+ t~e
daughternuoleusby the deoayof a? parent+tothosewith J =0 tl t
and 2+. In fact, decays toq,1 and 2 states are ~trongly
auppreased. beoays be~ween O statesare mediatedby two matrix
elements

(la)

.
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The doubleFermimatrix element vanishes in the limit of good
isospin and quite generallyis small. Thus the decayrate can be
wrtttenapproximatelyas

where the phase

‘CT “

‘2V - fGTl%T12 (2)

spacefaatorfCT is

2m~1(GcosO )4
ill
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with Oc the Cabibboanple,
~leotron plane waves in
●verageintermediatestate
klnetioenergyoarriedoff

F(Z) a oorrectlonfor distortionsof the
the Coulombfieldof the nu@eus, <E) the
excitation energy, and To *the total
by the leptonsin unitsof meo .
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Fig. 1. Two-nucleonmechhnlHnwfor (n) two-neutrinonnd (b)nO-
ncutrinO(If{dccuy.



.
The analogousaalculatlonof OV BB decay is more complicated.

First,as this processdoes not occur in the standardmodeliwe must
introducea more general6 decayLagrangian. One form commonlyused
allowsleft-and right-handedlept.onicand hadroniccurrents.~92The
left-and right-handedneutrinofieldsare massive. More correctly,
they can be expressedin termsof the 2n Majoranamass eigenstate
fields,where n is the numberof generations (e,p,~,...) in some
underlying theory. If the Lagrangian is CP-invariantand all
neutrinomass eigenshatesare light,the Ov 1313decay rate depends
quadraticallyon lepton-number-violatingmassesand couplingssuch
as

<m > = ? Aylu:i12nli
v LL i-l

and
2n~ ~cP UL @

~W<l>LR with <l>LR=
l-l i ei ei

(3)”

HereULi and U~i are the coefficientsdescribing the left- and
rtght-~andedrPelectronneutrinos in termsof the mass eigenstabes,
and ml and ~i- are the mass zAnd W eigenvalue of thb ith mass .
eigenstate. The coefficientnRL is the strengthof the COUPlin6of
the right-handedleptonic current to the left-handed hadroni.c
ourrent in unitsof the weak couplingG .

!
Both n

Y
and m dest?oy

the y5-invariance(i.e.,maximalparityv elation)o the ‘standard
model. In addition to nonzero values for UU and mi, the sums
appearingin eqs. (3) must be nonvanishingif Ov 13fidecay 1s to
ocour. The presenceof Majoranaterms in the neutrinomass matrix

~ will produce ~ z ~More details on the partiolenonvanishingsums.
physics can be foundelsewhere.9 9

We retainonly the Gamow-Tellerand Fermimatrix elements and
eleotron s- and p-waves, The closureapproximationis invokedto
oomplete the sum over vir~ual iritermediatestates, (This
approximationis better justifiedthan in 2V decaybecauseof the .
presenoeof an energetic virtual neutrino in t e +intermediate

4state.) One finds that the Ov decay rate for O +0 transitions
dependson a varietyof nuclearmatrixelements.
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. g(ri )R
<o~l% Z ~+(i)~+(j)~ij=(rijX (;(i)-:(j))) + 0;> (4d)

ij
‘ij

where ;ij =;-; and $. : :i+: . One can take g(ri ) - 1 for
light neutri;osj 4(mv <~l/Ro, with RO the nuclearradius. As only
the firsttwo matrixe ementscontributeto termsIn the decay rate
proportional. ito fmv)LL, in this 11.mitthere is a closeanalogy
betweenthe matrixelementsgoverningOv and 2V decay.

The qualityof the constraintswe can placeon the parameters
governing lepton number violation depends on our ability to
calculatetheseOv matrixelements. The similaritybetween the Ov
matrix elements and thOSb mediating 2V decaysuggestsa natural
checkon the reliabilityof such calculations:do the nuclear wave
functicns reproduce known 2V decayrates? A comparisonof shell
model predictionsof Haxtont Stephenson, and Strottman4 with
experiment is ma

$’&
in Tab 1.

i!
Limitson IMGTIfrom laboratory

~xpn~imentswith a and Se are scmewhat smaller than the
calculated values. More seriousaisagreemiitszxist bet%eefi+.hfiory

82se, 128Te,andand geochemlcalhalf life determinationsfor ‘30Te.

. .
Table 1. Calculatedand experimentaldoubleGamow-Tellermatrix ‘

‘lements‘GT”

,’

Nucleus.— .—

46ca

76G=

. .

128Te

130Te

IMGTItheory4

0.22

1.28

0.94

lMGT]exp*

<0.205)

<().756)

0.407)+

1.47 0.21-0.258)+

1.48

<0.197)+
0.11-0.147’9)+

o.i98)

*
Calculatedusing FA = 1.25,COB c = 0.9737,and MF = 0.

t Maximumvaluesdeterminedfrom totalgeochemicalrates.
.



NUCLEARSTRUC~RE ISSUES -

The limitson leptonnumberviolation that can be extracted
from bounds on Ov (30decayratesare givenin Ref. 1. We will not
repeatthosediscussionshere,but ratherconcentrateon the general
nuclear structure issues. Clearlythe credibilityof any limiton
leptonnumberviolationdependson our confidencein matrix element
calculations,and that confidencewould be enhancedif we understood
the originof the discrepanciesbetweentheoryand the geochemical
2V @B decayresults. Thuswe reviewseveralof the lesswell-tested
approximationsthatare commonlymade in nuclear structure studies
of Bfidecay.

1. Completenessof the mod$l space: The double Gamow-Teller
operator is simple in thatU(i)T+(i)does not changethe nodalor
orbitalquantumnumbersof a nucleon. In principle,this allowsone
to respect exactly the underlylog ‘sum rulen governing this
operator: basescan be definedsuch that the Gamow-Telleroperator”
cannotcausetransitionsto configurationsoutsidethe model space.

In some earlycalculationsthis sum-rule,constraintwas rather
badly violated: basis truncationswere so severethatvirtually

Zf+\.Z(fi)T&(i)T+(j)acts onnoneof the configurationsproduceswhen ....
the initial state were inaluded in the deswiption or Lnu final
state(and conversely). This, and the use of nonrelativiatic .
eleotron wave functiuns,ied to long half lives,in agreementwith
the geochemicalresults.

In the shellmodelcalculationsthat produced the results in
Table 1, great effort was expended to satisfy the sum rule
constraint.The tendencyof minor componentsof the wave functions

‘o contribute c0nstructive1~8C;0‘CTthen leads to”largeu matrixelementsin all casesexcept . We believe we understand this
, behavior: Zainiokand Auerbaoh showed that this constructive

addition of strengths of different orbitals is exact in the
asymptotic limit (f the Nilsson model.l” The size of l% I is

governedlargelyby the pairingforce: a stronger pairing zorce
pgrmitsgreateroverlapsbotwe~nneutronand protonconfiguraticcs.
.. However,some mmpromises are necessary even in large-basis .

shell model calculations. In our Te oaloulationswe employedthe
Oanonioalshellmodelspacespanningthe magic numbers 50 and 82,

This spaceomitsthe spin partners
3s112-2d/~~2d5/~~~g~&2~lZ~1i~~ompleteIn the senseof the sum rule.d
~Z(~s~~n o?j’the missing spin partners ❑akes the shellmodel
diagonalizationmuch more difficultand also produoes a spurious
(cehter-of-rnass)model spaoe. This spuriosity IS a seriou’s
difficulty In calculationswhere one useq realiatia g-matrix 4,
interactionsthat aro not translatj.onallyinvariant. Despiiethe
shellmodelprejuaicethat the missingorbitalsare not as important
as those we have included,it would olearlybe betterto inolude
them. A perturbatlveestimateof the contributionsof the missing
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spin partners couldbe madewithoutrunninginto difficultieswith
spuriouscenter-of-masseffects.

2. Completionof the sum over Intermediatenuclear states by
olosure: The matrix element MGT is derived by replacingthe
I/E-weightedsum overvirtualnuclearstatesby a non-weightedsum
so that closurecan be used

<fI ~(i)l+(i)ln><nl
t
~(j)?+(j)li> M

lZ
GT

In = <E~-En>- c - v
‘i-c-v

- En
. (5)

Althoughthiscan be regarded as a definition of the average
excitation energy,in practicefEi-En)is takenfrom (ptn)mappings
of the single Gamow-Teller strength distributions in the
intermediatenu Leus. However,if the signsof the termsin Eq. (5)
have predominantlyone value for smallEn and thtioppositevalue for
large En, this procedure could give a result that differs
significantlyfrom the I/E-weightedsum.

A numberof testsof the closureapproximationhave been made.
In many cases these tests were done by severelyrestrictingthe
model space!so that explicit summations over the intermediate
states in Eq. (5) could be performed.We believesuch testsare
inadequatebecauseof the nee ~for realisticmadel spaces d~~~ussed
previously. An RPA summationf over intermed~te statesIn

%
I anti

& partialsummationover low-lyingstatesin i are described in
Ref. 1; both tend to support the closure approximation.More
recentlyTsuboi,Mute,and Horie12performeda shellmodel ~~mation
over intermediatestates excjted in the 6D decay of Ca, the
simplestof the isotopesof Table 1. The energy-weightedsum gave a

,’decay rate substantiallylargerthanthe closureresultand larger
than the exper

i!
entallimit established by the Columbia group.5

However the Ca P@decaymatrixelementM ~ is unusual?SWWQY

fsuppressedby cancellationsoccurringin the 711~shell because of
the K ws~eotion rule disoussed by Lawson and by Zamickand
Auerbach. In the presence of suoh canoellatl.o,~sit is not
surprising that the l/E-w9i.ghted and nonweighted sums produce
differentresults. It is unclearwhether any conclusions can be
drawn about the othor B6decay nucleiof Table 1, where no strong
oanoellationsoccur in the shellmodelestimatesof MCT.

Explioitsummationsover intermediatestatescan be extremely
dlffioult numerically. A more traotable
oonstruct

In><n~~~(.l)~+(j)li>
t ‘–-—-- ---—.. ..—
n ‘i-c-v-En

alternative ❑ay bo to

(6)
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from the momentsIimof the distribution Z~j)T+(j)~l>,where H iS
the nuclear Hamilton5zz. A Izrge number of moments can be
calculated by techniques used f~utinely in shell model codes
employing the Lanczosalgorithm. Alternatively,the firstmoment
of H can be expressedas a doublecommutatorand could be evaluated
in most modelcalculations.

3. The allowedapproximation:Our expressionfor the 2V $B decay
rate (Eq. (2)) was derived in the long-wavelengthapproximation
while retainingonly the leadingoperatorsin (v/c)of the nucleon.
The long-wavelengthapproximationis well justifiedbecausethe
momentumtransfer to the nucleus is restricted bv the lepton
kinematicsto ffl/~$ whereR. is the nuclearradius.

The neglectof p/M termsin the weak hadroniccurrent is less
well justified.~ Th$ most importantof theseoperatorsmay be the
axial charge, u(i)=p(i)/M,which carries odd parity. ‘Ass
pseudoacalar,it will not oouplesingle-particlestatesin the Te
model spacedescribedpreviously. (Thereis no $=11/2 even-parity
partner of the hll z orbital.)However!principalcomponentsof the
Te groundstatewI1i connectto minor componentsof the Xe ground
state outside this modelspace,and conve~sely.The axialcharge
operatorcould prove more important for heavier nuclei, where
.valezceprotons and neutrons predominantlyoccupy orbitals of
oppositeparity.

~. Delta-hole compo~,entsin nuclearwave functions: As the ‘delta
can be produced when the Gamow-Telleroperatoracts on a nucleon,
our sum-rule argument also auggestvsone should consider A-h
components in the nuclearwave functions. Despitethe large energy
requiredto prod~cethis resonance,A-h excitationscan be important

“ because there5s no Pauliblocking. The role of A-h excitationsin
alngle ~decay is stillcontroversialbecause nuclear correlations
may accountfor much of the observedGamow-Tellerquenching.15 Grotz
and Klapdor16 founda 25-30$reductionin 8B decayrates due to A-h
components.

5* Quality of the nuclear structure calculations: Finally, apart
from all of the approximationsdescribedabove,thereremainsthe
questionof how well we can exeoutenuclearstructure calculations.
The results reported in Table 1 are takenfrom ‘state-of-the-artn
shellmodelcalculationsinvolvingvery largebases. However, some
compromisesfor the sake of numericalsimplicityhad to be made, the
principalone beinga weak couplingapproximation(see Ref. 1).

One shouldbear in mind,in comparing different calculations,
that one can reproduceobserved2V 66 decayratesby ad~ustingthe
effectivointeraction:turningoff the pairinginteraction grea:ly
reduces I%TI* In the shellmodel calculationsof Ref.4, no such
ad hoc adjustmentswere made: g-matricesgenerated from realistia



\ N-N interactionswere used. The
studies of 2V 8B
using models
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decayshouldbe to
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reproduceobserved rates while

and ‘effective inter~ctionsconsistent with our
nuclearstructure.
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